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Lattice model in three dimensions with au term

Srinath Cheluvaraja
Institute of Mathematical Sciences, C.I.T. Campus, Tharamani, Chennai 600 113, India

~Received 16 June 1999; published 24 April 2000!

We study a three-dimensional Abelian lattice model in which the analogue of a theta term can be defined.
This term is defined by introducing a neutral scalar field, and its effect is to couple magnetic monopoles to the
scalar field and vortices to the gauge field. An interesting feature of this model is the presence of an exact
duality symmetry that acts on a three-parameter space. It is shown that this model has an interesting phase
structure at nonzero values ofu. In addition to the usual confinement and vortex phases there are phases in
which loops with composite charges condense. The presence of novel pointlike excitations also alters the
physical properties of the system.

PACS number~s!: 11.15.Ha, 12,38.Gc
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I. INTRODUCTION

Topology has played an important role in statistical m
chanics and field theory. The topology of the dynamical va
ables leads to novel excitations that can have a profo
effect in determining the physical properties of the system
well-known example in statistical mechanics is the vor
excitation @1# in the two-dimensional planar model. The
vortex excitations, which exist because of the angular na
of the spin variables, drive a phase transition which is v
different from other phase transitions in statistical mech
ics. In gauge theories, the analogue of the vortex excitatio
the magnetic monopole@2#. The magnetic monopole exist
as a consequence of the topology of the gauge group. M
timonopole states are also present as collective excitati
These multimonopole excitations can form a plasma phas
which electric charges are confined. A classic example
this phenomenon is compact QED in three Euclidean dim
sions@3#. Apart from the intrinsic topology of the dynamica
variables, we can also consider terms which have a di
topological significance. One such term is the well-knownu
term in non-Abelian gauge theories. For the SU~2! non-
Abelian gauge theory, this term is defined as

u

32p2E d4xtrFmnF̃mn . ~1!

Although this term is a total derivative, it can have a no
trivial effect whenever long range fields are present. In
space of finite action configurations, the above term is p
cisely the winding number of mappings fromS3 to S3.
Gauge field configurations which give a nonzero value to
expression in Eq.~1! can affect some of the physical prop
erties of the system@4#. An important effect of the term in
Eq. ~1! is that it can convert a magnetic monopole into
particle with an additional electric charge—a dyon@5#. It was
conjectured in@6# that non-Abelian gauge theories cou
have new phases of oblique confinement as a result of
interactions between these dyons. The analogue of the
in Eq. ~1! in an Abelian gauge theory is

E d4xFmnF̃mn . ~2!
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Unlike in the non-Abelian theory, this term does not ha
topological significance as the winding number of any ma
ping. However, this term can have a nontrivial physical
fect in the presence of magnetic monopoles. The effect of
u term in Eq. ~2! was studied on the lattice in@7#. It was
shown that theu term drastically alters the phase structure
the theory and a rich phase structure was uncovered
function ofu. The oblique confinement phases conjectured
@6# were also elucidated. An exact duality symmetry@which
is the action of the group SL~2,Z!# was demonstrated to hol
in this model@8#, and the action of this symmetry was use
to predict the entire phase structure of the model. Both thu
terms discussed so far require four Euclidean dimensions
@7,8# some two-dimensional spin models were also cons
ered in which au term could be defined. We would like t
consider such a term in three Euclidean dimensions
study its effects. An inspection of the properties of thee
tensor shows that defining gauge invariant terms using o
pure gauge fields is not possible. An exception is the Che
Simons term, which can be defined using only thee term and
gauge fields@9#. Lattice models for the Chern-Simons ter
have been considered in@10#. The u term that we will con-
sider in three dimensions is the lattice analogue of the
lowing term:

iuE d3xemnlFmn]lf. ~3!

It is clear that, under the parity transformation in three
mensions,

x→x,

y→2y,

t→t,

the u term changes sign, i.e.,u→2u. Therefore, theu term
violates parity unless the free energy is an even function
u. The fieldf is a neutral field and hence the above term
gauge invariant. A simple integration by parts gives the f
lowing terms:

]l@emnlFmn~x!f~x!#2@emnl]lFmn~x!#f~x!. ~4!
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The dual of the field strength is defined as

F̃l~x!5 1
2 elmnFmn . ~5!

The second term is seen to be 2]lF̃l(x)f(x) and this term
can be nonzero in the presence of magnetic monopoles
the presence of magnetic monopoles,

]lF̃l5m̃~x!, ~6!

wherem̃(x) is the magnetic monopole density atx. The sec-
ond term leads to the coupling

2u im̃~x!f~x!. ~7!

Another nontrivial contribution to Eq.~3! can come from a
vortex line. This is seen by doing the integration by parts
Eq. ~3! differently as

2emnl]m~An]lf!22emnlAn]m]lf. ~8!

The second term can be written as

22u i E mm~x!Am~x!. ~9!

The quantity

mm~x!5emln]l]nf ~10!

is nonzero around a vortex line. Hence, the term in Eq.~3! is
nonzero in the presence of magnetic monopoles and vo
lines, and introduces new couplings between the topolog

@m̃m(!x) and m̃(!x)] and the spin-wave (Am and f) de-
grees of freedom. In the absence of these topological ex
tions, the term in Eq.~3! will have no physical effect. An-
other way of motivating the term in Eq.~3! is by
dimensionally reducing the four-dimensionalu term in Eq.
~2!. At high temperatures, the leading order contributi
from a term like Eq.~2! is given by Eq.~3!. In this paper, we
will present an analysis of theu term in three Euclidean
dimensions. In three dimensions, the physical propertie
this model are quite different from the four-dimensional on
We will show that many of the interesting features point
out in @7,8# are also present in three dimensions. Howev
there are also significant differences. As already explai
before, theu term becomes important whenever there
magnetic monopoles or vortex lines. On the lattice we c
naturally define models which contain monopoles and vor
lines as possible excitations. This is possible if the degree
freedom are considered as angular variables. We first pre
two well-known lattice models which have monopoles a
vortex excitations, and then we study the effect of theu
parameter in these models. We will see that theu parameter
couples these two models in a nontrivial way and leads
rich phase structure. The analysis presented here is base
the technique of duality transformations as applied to sta
tical systems. These techniques have been used very e
tively to understand systems like the planar model@1# and
11450
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the U~1! lattice gauge theory@11#. Recently, in@12#, dual
transformations have also been constructed for non-Abe
lattice gauge theories.

The main aim of this paper is to present an analysis of
u term in a lattice model containing both monopoles a
vortex lines. Theu term is introduced on the lattice by cou
pling the monopoles to the scalar field and the vortex lines
the gauge field. Many of the techniques used for studying
lattice model are well known in the literature but we prese
many details for the sake of completeness. Also, at so
places we have managed to give more illuminating deri
tions of some of the steps in the analysis. The organizatio
this paper is as follows. In Secs. I and II we discuss latt
models which have monopoles and vortices as possible
citations. In Sec. III we present a detailed analysis of
model obtained by adding au term. In Sec. IV we make
some concluding remarks. Some technical details are
sented in the Appendix.

II. LATTICE MODEL WITH MONOPOLES

The model considered here is given by the following a
tion:

S15
2bg

2 (
xmn

@]mfn2]nfm22psmn~x!#2

1 ip(
xm

mm~x!fm~x!. ~11!

The partition function is given by

Z15tr exp~S1!. ~12!

The symbol ‘‘tr’’ denotes

(
mm52`

`

(
smn52`

` E
2`

`

dfm . ~13!

The variablesfm and mm are defined on the links of the
lattice and the integer-valued variablessmn are defined on the
plaquettes of the lattice. The symbolx denotes a three
dimensional vector and the symbol]m is the lattice deriva-
tive. The fieldsfm are the gauge degrees of freedom wher
the integer valued variablessmn are the monopole degrees o
freedom. The above model describes gauge fields cou
minimally to current loops with the additional presence
magnetic monopoles. This model has the following gau
invariance:

fm~x!→fm1]mL. ~14!

This also requires that

]mmm50. ~15!

Hence, the summation overmm is restricted to a summation
over closed loops. To see that this model describes magn
monopoles, consider the quantity

Fmn~x!5]mfn~x!2]nfm~x!22psmn~x!. ~16!
1-2
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Consider a configuration in whichsmn(x)Þ0 on all the
plaquettes pierced by the string in Fig. 1. This figure sho
the projection of the string on theXY plane~as dashed lines!
and the projection of the plaquettes~which are in theYZ
plane! on theXY plane~as solid lines!. The string is on the
dual lattice and begins atP and extends to infinity in thez
direction. It is easily seen that, in this configuration,

]lF̃l522pd~xP!, ~17!

this means that there is a magnetic monopole atP with a
Dirac string in thez direction. Thus, the integer-value
plaquette degrees of freedom account for magnetic mo
poles. The monopole and its associated Dirac string resid
the dual lattice. The monopoles in this model can be m
explicit by means of a duality transformation. A duali
transformation generally involves three steps. First, the q
dratic part of the action is linearized by introducing an au
iliary field. The next step is to integrate over the original~in
this casefm) degrees of freedom and this will lead to
constraint forfm . This constraint is solved by introducin
degrees of freedom which are the dual variables and
solution is inserted back into the partition function. A fe
manipulations after that lead to the following form of th
partition function:

Z15Tr expS 28p2bg(
x,x8

m̃~x!G~x2x8!m̃~x8!D
3expS 2p2

8bg
(
x,x8

mm~x!G~x2x8!mm~x8!D
3expS 2p i (

x,x8
m̃~x!G~x2x8!emnl]lKmn

! D . ~18!

The monopole densitym̃(!x) is defined as

m̃~!x!5
1

2
elmn]lsmn~x!. ~19!

The symbol!x denotes that the monopole is defined on
dual lattice point. This definition requires that the to
monopole number in the system be zero. The symbol ‘‘T
denotes

FIG. 1. The string attached to the dual excitations runs on
dual lattice.
11450
s

o-
on
e

a-
-

is

e
l
’

(
mm ,m̃52`,`

, ~20!

with the understanding that the summation is over confi
rations with zero total monopole number and closed loops
currents. The quantityKmn

! is a particular solution of

]mKmn
! 5pmn . ~21!

In the above expression for the partition function,G(x
2x8) is the three-dimensional Green’s function which sat
fies

2]2G~x2x8!5d~x2x8!. ~22!

The symbol]2 is the lattice Laplacian. The partition functio
in Eq. ~18! describes a gas of current loops@mm(x)# and
magnetic monopoles@m̃(!x)#. The monopoles and curren
loops interact among themselves with a three-dimensio
Coulomb interaction. The last term in Eq.~18! describes the
interaction of a monopole with a current loop. This intera
tion is just the solid angle subtended by the current loop
the monopole and this is shown in the appendix. Before p
ceeding we briefly outline the steps leading to Eq.~18!. The
linearization of the action is accomplished by introducing
auxiliary field Kmn and the partition function becomes

E
2`

`

dKmntr expS i(
xmn

Kmn~x! D @]mfn2]nfm22psmn~x!#

3expS 21

2bg
(

x
Kmn

2 ~x! D expS ip(
xmn

mm~x!fm~x! D .

~23!

Integration overfm results in the constraint

2]mKmn5pmn . ~24!

The solution of this constraint is

2Kmn5emnl]lf1Kmn
! . ~25!

Since 2Kmn has to be an integer, the fieldsf(x) andKmn
! (x)

are integer valued. However, the solution to the constrain
not unique because

f~x!→f~x!1c ~26!

also solves the constraint. Using this ‘‘dual’’ gauge inva
ance, the range of integration overf can be taken from
2` to `. Substituting the solution of the constraint in E
~25! in Eq. ~23! and then doing a Gaussian integration ov
f leads to Eq.~18!.

III. LATTICE MODEL WITH VORTICES

A lattice model describing vortices is defined by the a
tion

e

1-3



m
v

:

er

a-
ex
e
th

ce

b
r
t
t

rm

eir
rtex
nd

alo-
eld
on

n.

-
ts
q.
the

very

SRINATH CHELUVARAJA PHYSICAL REVIEW D 61 114501
S252
bh

2 (
xm

@]mu~x!22p l m~x!#21 ip(
r

m~r !u~r !.

~27!

The partition function is given by

Z25tr exp~S2!. ~28!

The symbol ‘‘tr’’ denotes

(
m,l m52`

` E
2`

`

du. ~29!

In the above model the variablesu andm are defined on the
sites of the lattice and the variablesnm are defined on the
links of the lattice.u ’s are the spin-wave degrees of freedo
and nm’s are the vortex degrees of freedom. The abo
model describes vortex lines interacting with chargedm(x)
variables. The model has the following global invariance

u~x!→u~x!1c, ~30!

wherec is any constant. This automatically requires

(
x

m~x!50. ~31!

The vortex lines in this model can be identified by consid
ing the quantity

Vm~x!5]mu~x!22p l m~x!. ~32!

Consider a configuration in whichl m is nonzero on all the
links pierced by the world line of the string. This configur
tion is also shown in Fig. 1. This configuration is a vort
running in thez direction which is the direction out of th
plane of the figure. The accompanying string is chosen in
X direction and is indicated by the dashed line which pier
the bonds between pairs of nearest neighbor sites~shown as
solid lines!. Any closed loop about this vortex line will give
a nonzero value for

(
x

Vm~x!. ~33!

The vortices in this model can again be made explicit
means of a dual transformation. Introducing an auxilia
field as was done in the previous section and repeating
procedure described before, we get an expression for
partition function:
11450
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Z25Tr expS 2
p2

2bh
(
x,x8

m~x!G~x2x8!m~x8!D
3expS 22p2bh(

x,x8
m̃m~x!G~x2x8!m̃m~x8!D

3expS 22p i (
x,x8

m̃l~x!G~x2x8!elmn]mKn
!D .

~34!

The ‘‘Tr’’ denotes

(
m,m̃52`

`

. ~35!

The vorticity m̃m(!x) is defined as

m̃m~!x!5emnl]nf̃l~x!. ~36!

From the above equation it is clear that the vortices fo
closed loops because

]mm̃m~!x!50. ~37!

As in the case of the monopole, the vortex lines and th
associated strings reside on the dual lattice. A closed vo
loop in themn plane will have a sheet swept by its string a
the plaquettes in this sheet will be dual to the links withl m
Þ0. The steps leading to the dual transformation are an
gous to those in the previous section; only the auxiliary fi
Km is now introduced on every link. The constraint equati
that has to be solved is

]mKm~x!5pm~x!. ~38!

The solution of this constraint equation is

Km~x!5emnl]nf̃l1Km
! ~x!, ~39!

with Km
! (x) being a solution of the inhomogeneous equatio

The dual gauge invariance in this case is

f̃~x!→f̃~x!1]lL. ~40!

The first two terms in Eq.~34! describe the Coulomb inter
action betweenm(x) variables and the vortex curren
m̃m(!x). @G(x2x8) is the same Green’s function as in E
~22!#. The last term represents an interaction between
vortex currents and them charges.Km

! (x) is the solution of
the inhomogeneous equation

]mKm
! ~x!5pm~x!. ~41!

This interaction is again proportional to the solid angle~apart
from a negative sign! of the vortex current subtended atm. A
demonstration of this can be found in the Appendix.

Before we proceed to the model with au term, we can
already see that the two models described above have a
similar structure. For instance, the monopole model has
1-4
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]mmm50 ~42!

as the current conservation equation and

(
x!

m̃~!x!50 ~43!

as the monopole conservation equation. In the vortex mo
the m charge conservation equation is

(
x

m~x!50, ~44!

and the vortex conservation equation is

]mm̃m~!x!. ~45!

The roles of the conservation of ordinary charges and to
logical charges are clearly reversed and the two models
dual to each other. This duality will be made more precise
the next section.

IV. COUPLED MODEL

Now we can couple the two previous models by introdu
ing a u term as explained in the introduction. Theu term is
defined by introducing two additional couplings as

Su5
ipu

2p (
x,m

m̃~!x!u~x!1
ipu

2p (
x,m

m̃m~!x!fm~x!.

~46!

The action of the coupled model is given by

S5S11S21Su , ~47!

and can be written out as

S5
2bg

2 (
xmn

@]mfn2]nfm22psmn~x!#2

2
bh

2 (
xm

@]mu~x!22p l m~x!#21 ip(
xm

mm~x!fn~r !

1 ip(
x

m~x!u~x!1
ipu

2p (
x,m

m̃~!x!f~x!

1
ipu

2p (
x,m

m̃m~!x!fm~x!. ~48!

The partition function of this model is given by

Z5tr exp~2S!. ~49!

The trace represents the sum over states:

(
m(x)2`

`

(
mm(x)2`

` E
2`

`

dfm~x!E
2`

`

du~x!. ~50!
11450
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Whenu50, the two models are decoupled and the partit
function is simply a product of their separate partition fun
tions:

Z5Z1Z2 . ~51!

The model atu50 represents a system of monopoles, c
rents,m charges, and vortices. However, the excitations
one system do not interact with those in the other syst
The model atu50 can be shown to be trivially self-dua
This follows by noting that the transformations

bg→
p2

16p2bh

,

bh→
p2

16p2bg

,

m~x!→m̃~!x!,

mm~x!→m̃m~!x! ~52!

simply interchanges, the two expressions in Eq.~18! and Eq.
~34!. Note that this holds before the sum over states is p
formed in Eq.~18! and Eq.~34!. The dual transformation
maps every point on the hyperbola,

bgbh5
p2

16p2
, ~53!

onto itself. The regionbgbh,1/16p2 is mapped onto the
region bgbh.1/16p2 and vice versa. However, this sel
duality property is trivial because the system on which it a
is a product of two decoupled systems. Nonetheless,
mention this here because, as we will show later, at cer
values ofu the self-duality will still persist. WhenuÞ0, the
two systems are coupled in a nontrivial way. There is a cr
coupling between the spin-wave excitaions of one sys
and the topological excitations of the other system. For
stance, the monopolem̃(!x) couples to the spin-wave field
m(x) and similarly the vortexmm(x) couples to the gauge
field fm . The main point of this paper is that this couple
system defines an interesting model that has some exac
ality symmetries. It also has a rich phase structure as a fu
tion of u. The analysis previously described for the mon
pole and vortex models can be repeated in the same wa
before. The only point to note is that the monopoles a
vortices are defined on the dual lattice whereas the ga
fields and the spin variables are defined on the original
tice. However, we can approximately take the point on
dual lattice to coincide with the point on the original lattic
There will be corrections to this approximation but these w
involve higher derivative terms which can only affect th
short wavelength behavior of the system. Theu term
changes the constraint equation for the two auxiliary fiel
The new constraint equations become
1-5
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]mKmn5pmn1
pu

2p
m̃m~!x!, ~54!

]mKm~x!5pm~x!1
pu

2p
m̃~!x!.

The only change is in the inhomogeneous part of th
equations,1
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e

]mKmn
! 5pmn1

pu

2p
m̃m~!x!,

]mKm
! ~x!5pm~x!1

pu

2p
m̃~!x!. ~55!

Repeating the steps performed for the monopole or the
tex model leads to au dependent partition function given b
Zu5tr expF2
p2

8bg
(
xx8

S mm~x!1
u

2p
m̃m~x! DG~x2x8!S mm~x8!1

u

2p
m̃m~x8! D GexpF2

p2

2bh
(
xx8

S m~x!1
u

2p
m̃~x! D

3G~x2x8!S m~x8!1
u

2p
m̃~x8! D GexpS 28p2bg(

xx8
m̃~x!G~x2x8!m̃~x8!D expS 22p2bh(

xx8
m̃m~x!G~x2x8!m̃m~x8!D

3expS 2p i (
x,x8

m̃~x!G~x2x8!emnl]lKmn
! D expS 22p i (

x,x8
m̃l~x!G~x2x8!elmn]mKn

!D . ~56!
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It can be seen that theu term couples the gauge and sp
models and introduces additional interactions in each
them. The partition function of the model is no longer sep
rable into a spin part and a gauge part and cannot be wr
as

ZuÞZ1Z2 . ~57!

Hence, the phase structure of this model can be quite c
plicated. One of the immediate consequences of theu term is
that the term representing the Coulomb interaction betw
electric loops gets modified. This means that the vortex lo
@for which m̃m(!x)Þ0] acquire an electric charge which
given by

Qm~x!5mm~x!1
u

2p
m̃m~!x!. ~58!

For instance, a loop having only vorticity@mm(x)50,
m̃m(!x)Þ0] will still have an electric charge given b
(u/2p)m̃m(!x). Likewise, the Coulomb interaction betwee
m charges is also modified and acquires a piece due to
monopoles,

Q~x!5m~x!1
u

2p
m̃~!x!. ~59!

Similarly, a point having only non-zero monopole dens
will have an additionalm charge (u/2p)m̃(!x). The electric
charges of the vortex loops and them charges of the mono
poles can now take fractional values because ofu. It is con-

1Since there are many fields involved, our notation might be c
fusing. See the end of the Appendix for clarification.
f
-
en

-

n
s

he

venient to associate a vorticity and an electric charge to
ery closed loop. The values of these charges are plotte
Fig. 2. The first thing to notice about this model is that t
partition function is periodic inu. This follows from the
simple fact that we can always shift the summed variab
mm andm, as their summation range is infinite. In the pre
ence of au term the model is no longer self-dual under t
transformations in Eq.~52!. However, for certain specific
values ofu the model is still self-dual. These are the valu
for which 2p/u is some integerq. To see the self-duality for
these values ofu, we make a simple change of variables:

mn1
m̃n

q
52

l̃ n

q
,

m1
m̃

q
52

l̃

q
. ~60!

Expressing the partition function in terms ofl̃ n , mn , l̃ , and

-
FIG. 2. Charge lattice atu5p.
1-6
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m, the partition function reduces to the the original one p
vided we identify l̃ m with m̃m , l̃ with m̃, and make the
following changes:

bg→
p2

16p2q2bh

,

bh→
p2

16p2q2bg

.

Unlike the dual transformations in Eq.~52!, the above dual
transformations contain more information because they n
act on a system which is not a decoupled system. These
transformations can be used to understand the phase dia
of the model in one region if the phase diagram is known
another region. The points of the phase diagram which
left invariant under the dual transformation are the points
the hyperbola:

bgbh5
p2

16p2q2
. ~61!

The self-duality in Eq. ~61! holds true only whenu
52p/q, q being an integer. We now point out another sy
metry that is present in the model for arbitrary values ofu.
This symmetry can be deduced by requiring the partit
function to be invariant under the transformations

m→2m̃,

mm→2m̃m ,

bg→bg8 ,

bh→bh8 ,

u→u8. ~62!

As the partition function is a trace over them,m̃,mm ,m̃m
degrees of freedom, it can be written as

Z5Zu~m,m̃,mm ,m̃m!. ~63!

Imposing the condition

Zu8~2m̃,2m,m̃m ,mn!5Zu~m,m̃,mm ,m̃m!, ~64!

we get the following set of equations:

8p2bg1
p2u2

8p2bh

5
p2

2bh8
, ~65!

p2

2bh
58p2bg81

p2u8

8p2bh8
,
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2p2bh1
p2u2

32p2bg

5
p2

8bg8
,

p2

8bg
5

p2u82

32p2bg8
12p2bh8.

We get four equations in the three variablesbg , bh , andu.
Interestingly, these four equations are consistent and h
the solution

bh85
4p2bhp2

64p4bgbh1p2u2
,

bg85
4p2bgp2

64p4bgbh1p2u2
,

u825
16p4u2p4

~64p4bgbh1p2u2!2
. ~66!

This means that we can define an exact duality symmetr
the model which now acts on a three coupling space. T
duality equations can be recast in a more concise form
defining the variable

z5A~bgbh). ~67!

In terms of the variablesz andu, the duality equations are

z825
16p4p4z2

~64p4z21p2u2!2
,

u825
16p4p4u2

~64p4z21p2u2!2
. ~68!

If we define the complex couplingz by

z5
4pz

p
1

iu

2p
, ~69!

the duality transformation can be expressed as

z→ 1

z
. ~70!

Since the action is also periodic inu with period 2p, the
transformation

z→z1 i ~71!

is also a symmetry of the model. These two transformati
do not commute with each other and generate the gr
SL(2,Z). This symmetry group was first pointed out in@8# in
the four-dimensional model. In the three-dimensional mo
that we are considering here, the duality symmetry ha
slightly. more complicated form as in Eq.~66! and the group
SL(2,Z) acts on the variablez which is given by Eq.~67!.
1-7
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We now proceed to study the phase structure of
model. The phase structure of this model will be a funct
of the three parametersbg , bh , andu at a given value ofp.
The various phases of the model will be characterized by
behavior of them(x),m̃(x),mm(x),m̃m(x) excitations. De-
pending on the density of these excitations, the phases in
model will have different physical properties. In order
arrive at the phase structure of the model, we will use sim
free energy arguments based on the energy and the en
of loops. Though these arguments are admittedly crude
ought to be substantiated by other methods, they do pro
us with a qualitative picture of the phase structure. We fi
note that there will be regions in parameter space where
loops will condense. There are two kinds of loops that c
condense. They are labeled bymm(r ) and m̃m(r ); mm(r )
loops are the world lines of electrically charged particles, a
m̃m(r ) loops are the vortex excitations. A loop having bo
mm(r ) andm̃m(r ) is also possible and it will be referred to a
a composite loop. These composite loops are formed by
binding of a vortex to an elecrtric current loop. In addition
these loops there are also the pointlike excitations labele
m(x) andm̃(x). m̃(x) are the magnetic monopoles andm(x)
will be referred to as spin charges. The reason for this
minology is that them(x) represent source terms for the sp
variables. In addition to these excitations there are also
citations which simultaneously carry magnetic charge an
spin charge. These will be referred to as composite char
The composite charges are formed by the binding of a m
netic monopole to a spin charge. A composite loop o
composite charge is a combination of an ordinary charge
a dual excitation. If we neglect the long range Coulomb
teraction, a crude estimate for the free energy of a loop
lengthL having charges (mm ,m̃m) is

F~L !5F2p2p2

bg
S m1

u

2p
m̃D 2

12p2bh~m̃!2GG~0!L

2~ logc!L. ~72!

Condensation of loops having charges (mm ,m̃m) occurs
whenever the loop free energy becomes negative. The
stantc depends on the coordination number of the lattice a
is approximately 5 for a three-dimensional cubic lattice.
the above approximation, only the self-energy of the lo
has been considered in the expression for the free ene
Though this is quite a severe approximation, we expect i
reproduce the general features of the phase diagram. A
have already noted before, the effect of theu term is to give
an electric charge to the vortex lines as

qn5mn1
u

2p
m̃n . ~73!

Similarly, the magnetic monopoles get an effective s
charge

q5m1
u

2p
m̃. ~74!
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We first consider the phase diagram atu50. Whenu50 the
partition function can be decoupled into two partition fun
tions

Z5Z1Z2 , ~75!

and each of these systems can be considered individuall
we considerZ1 first, the free energy of a loop of lengthL
carrying electric chargemm is given by

F~L !5
2p2p2

bg
m2G~0!L2~ logc!L. ~76!

Thus,F(L),0 if

bg.
2p2p2G~0!

logc
. ~77!

Therefore, the model described byZ1 will exist in two
phases, a smallbg phase in which the current loops are ve
sparse and a largebg phase in which the current loops a
very dense. The other excitations in this model, the magn
monopoles, will have a density given by

r~bg!5 exp@28p2bgG~0!m̃2~x!#. ~78!

Unlike the density of current loops, the magnetic monop
density falls continuously to zero as the coupling constantbg
is increased. We can make a similar analysis of the mo
Z2. The same free energy arguments applied to the vo
loops giveF(L),0 if

bh,
log~c!

2p2G~0!
. ~79!

The small bh phase has a high density of vortex loo
whereas the largebh phase has a very low density of vorte
loops. The spin chargesm change continuously withbh as

r~bh!5 expS 2
p2G~0!m2

2bh
D . ~80!

For the coupled model, this analysis can be repeated
there are now three coupling constantsbg , bh and u. We
consider the condensation condition given by Eq.~72! for
various limiting values ofbg and bh . If we fix u5p, the
different excitations present in the system are those wh
correspond to the black points in the charge lattice in Fig
The excitations corresponding to these black points are m
tiples of the following fundamental excitations:~1! electric
current loops (1,0), which have a nonzero electric char
~2! vortex loops (0,1); which have a nonzero electric cha
because of Eq.~73!; ~3! Composite loops (1,22); which
have exactly zero electric charge, again because of Eq.~73!.

A similar charge lattice can be drawn for the pointlik
following excitations in the model. The excitations of th
1-8
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LATTICE MODEL IN THREE DIMENSIONS WITH A u TERM PHYSICAL REVIEW D 61 114501
charge lattice are multiples of the excitations:~1! spin
charges (1,0), which have only anm charge;~2! magnetic
monopoles (0,1), which have a nonzerom charge because o
Eq. ~74!. ~3! Compositely charged pointlike objects (1,22),
which have a zerom charge because of Eq.~74!.

We have to compare the free energies of these con
sates and then choose the one with the lowest free ene
First, we can explore various limits of the coupling space

~1! bh50. The free energies of the possible condensa
are given by

F~L !/L5
p2

8bg
G~0!S m1

1

2
m̃D 2

2 log~c!. ~81!

~a! (1,0):p2/8bgG(0)2 log(c).
~b! (0,1):1/32bgG(0)2 log(c).
~c! (1,22):2 log(c).

The above estimates show that the composite loops
22) will always have the lowest free energy. Therefore,
this limit, there is always a condensate of composite lo
(1,22) and there will be no phase transition on this axis

~2! bh5`. The general free energy relation Eq.~72!

shows that this limit forcesm̃m'0. The free energy condi
tion becomes

F~L !5
p2

8bg
m2G~0!2 log~c!. ~82!

Sincem̃ is forced to be zero, we only have to consider ele
tric (1,0) loops.F(L) of (1,0) loops becomes negative fo
bg.G(0)/8log(c). This implies that there is a phase tran
tion on this axis from a smallbg phase containing very few
current loops to a largebg phase containing very large cu
rent loops.

~3! bg50. In this limit we get the following constraint:

S m1
1

2
m̃D50. ~83!

This leaves only the composite loops (1,22) as possible
excitations. The free energy condition becomes

F~L !58p2bhG~0!2 log~c!. ~84!

Thus, (1,22) loops will condense for

bh,
log~c!

8p2G~0!
. ~85!

Therefore, on this axis we expect a smallbh phase in which
(1,22) loops condense and a largebh phase in which the
density of (1,22) loops is very small.

~4! bg5`. The free energy condition is

F~L !52p2bhm̃2G~0!2 log~c!. ~86!

~a! (1,0):F(L)52 log(c).
~b! (0,1):F(L)52p2bhG(0)2 log(c).
~c! (1,22):F(L)58p2bhG(0)2 log(c).
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It is clear that the condensate (1,0) always has the low
free energy. Therefore, the electric current loops are alw
dense on this axis and there is no phase transition in
limit. The other special case to be considered is the follo
ing.

~5! bg5bh . In this limit the free energy condition be
comes

F~L !5
p2

8b S m1
1

2
m̃D 2

G~0!12p2bm̃2G~0!2 log~c!.

~87!

The condensation criterion can be written as the interior
the ellipse on the charge lattice

S q2

a2
1

m̃2

b2 D ,1. ~88!

The major and minor axes of the ellipse are given by

a25
8b log~c!

G~0!p2
, ~89!

b25
log~c!

2p2bG~0!
.

Whena@1 andb!1, the ellipse is very flat along theq axis
and the condensate with the lowest free energy is (1
When a!1 andb@1, the ellipse is very flat along them̃
axis and the condensate with the lowest free energy is
22). For values ofa and b such that they are comparabl
the free energy is the lowest for the (0,1) condensate. Th
fore, we generically expect three phase transitions on
axis. This case occurs in@7# in the four-dimensional model
It is interesting to note that exactly the same condensa
condition appears in the three-dimensional model, the o
difference being that the four-dimensional Green’s funct
gets replaced by the three-dimensional one and the ent
factor takes a different value.

Now that we have discussed the condensates in the v
ous regions of parameter space, we can propose the p
diagram of this model atu5p. It is shown in Fig. 3. So far
we have only discussed phase transitions of the electric,
tex, and composite loops. We have already noted that th
are other excitations present in this model. These are
point like excitations, magnetic monopoles,m charges, and
the composite charges ofm and m̃. The density of these
excitations changes continuously withbg , bh , andu. The
density of the magnetic monopoles and them charges is
given by

rm,m̃5 exp@28p2bgG~0!m̃2#expF2p2

2bh
G~0!S m1

1

2
m̃D 2G .

~90!

This is one of the special features of the model in th
dimensions. As these excitations are point like, they form
three-dimensional Coulomb gas of charged objects wh
1-9



ib
he

ve
s
s
on
o
c
r
a

a

-
lu

r-

f a

pin
the
it in

se
ag-
pin
cor-

the
he
ave

ar-
re
e-

h of
cor-
on

n
-

q.

es

n
s

the

ider

SRINATH CHELUVARAJA PHYSICAL REVIEW D 61 114501
density is always nonzero. The densities of the three poss
types of pointlike excitations in this model are given by t
following.

~1! (0,1): magnetic monopoles

rm̃' exp2S 8p2bg1
p2

8bh
DG~0!. ~91!

~2! (1,0): spin charges

rm' expS 2
p2

2bh
G~0! D . ~92!

~3! (1,22): composite charges

rc' exp@264p2bgG~0!#. ~93!

Since each of these densities is always nonzero, we ha
three-dimensional Coulomb gas containing three specie
charged particles. The densities of these three specie
charged particles determine various correlation functi
~which are defined later on! independently, and can lead t
different effects at different values in the parameter spa
The behavior of physical correlation functions will be dete
mined by the density of electric and vortex loops as well
the density of magnetic monopoles andm charges. The vari-
ous regions in the schematic phase diagram in Fig. 3
discussed below.

~A! In this region only the composite loops (1,22) con-
dense. At large values ofbh , the density of magnetic mono
poles and spin charges is large small whereas at small va
of bh they become nonzero but obey the relation

m1
m̃

2
50. ~94!

The density of magnetic monopoles decreases asbg is in-
creased.

~B! In this region the electric current loops (1,0), the vo
tex loops (1,0), and the composite loops (1,22) have almost
zero density. Therefore, this phase is essentially free o

FIG. 3. Schematic phase diagram atu5p. TheX axis is thebg

coupling and theY axis is thebh coupling.
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loop excitations. The magnetic monopoles (0,1) and s
charges (1,0) have a large density at the top left corner of
phase diagram which decreases as as we go away from
any direction.

~C! In this region the electric loops (1,0) conden
whereas vortex loops (0,1) have very low density. The m
netic monopoles (0,1) have a very low density and the s
charges (1,0) have a large density at the top tight hand
ner of the phase diagram.

~D! In this region the vortex loops (0,1) condense and
electric current loops (1,0) have a very low density. T
magnetic monopoles (0,1) and spin charges (1,0) both h
a density which is not very large or very small.

We will now show that these different phases can be ch
acterized by the behavior of correlation functions which a
of the order-disorder type. Before we do this, we briefly d
scribe how these correlation functions are defined in eac
the models discussed in the previous two sections. The
relation functions are simple generalizations of the Wils
loop @13#. In the model described in Eq.~18! we can intro-
duce an external currentJm(x) in a loopC on the lattice and
a monopole-antimonopole pair at points!x1 and !x2. The
monopole pair is introduced by choosingtmn51 on a string
joining !x1 and!x2. The correlation function is defined by

W~C,x1 ,x2!5
Z1„mm→mm1Jm ,smn→smn1smn8 ~x!…

Z1
.

~95!

This is equivalent to making the following change inm̃(!x):

m̃~!x!→m̃~!x!1r~!x!, ~96!

wherer is defined as

r~!x!5d~!x2!x1!2d~!x2!x2!. ~97!

The correlation functionW measures the free energy of a
external current loopJm on C and an external monopole
antimonopole pair at points!x1 and !x2. We can similarly
define a correlation function for the model described in E
~34! as

W̃~!C,x1 ,x2!5
Z2„m→m1M ~x!,l m→ l m~x!1 l m8 ~x!…

Z2
.

~98!

Here,l m8 Þ0 on all the links which are dual to the plaquett
in a surface bounded by the loop!C on the dual lattice, and
M (x) has the form

M ~x!5d~x2x1!2d~x2x2!. ~99!

The correlation functionW̃ measures the free energy of a
external vortex loop!C and an external pair of spin charge
at x1 and x2. The correlation functionsW and W̃ are ex-
amples of order disorder variables as they involve both
gauge~spin! degrees of freedom and the monopole~vortex!
degrees of freedom. In the interacting model we can cons
the following correlation function:
1-10



LATTICE MODEL IN THREE DIMENSIONS WITH A u TERM PHYSICAL REVIEW D 61 114501
Wint~C,!C,x1 ,x2 ,!x1 ,!x2!5
Z~mm→mm1Jm ,smn→smn1smn8 ,m→m1M ,l m→ l m1 l m8 !

Z
. ~100!
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In the presence of interactions~whenuÞ0),

WinÞWW̃, ~101!

where we have suppressed the arguments of the correl
function. This correlation function obeys the same dua
invariance as the partition function,

Wint~C,!C,x1 ,x2 ,!x1 ,!x2!bg ,bh ,u

5Wint~!C,C,!x1 ,!x2 ,x1 ,x2!b
g8 ,b

h8 ,u8 , ~102!

wherebg8 , bh8 , andu8 are related to the unprimed values b
the duality equations in Eq.~66!.

It is well known that a dilute gas of magnetic monopol
in three dimensions results in an area law behavior for
Wilson loop @3#. This effect arises from the form of th
monopole-current loop interaction. Also, an extern
monopole-antimonopole pair will experience a screen
Coulomb potential in this gas. Since the form of the sp
charge–vortex-loop interaction is the same as the monop
current loop interaction, a dilute gas of spin charges w
result in a similar area law behavior for an external vor
loop. Again, an external pair ofm charges will experience a
screened Coulomb interaction in this gas. Similarly, comp
ite charges (1,22) will result in an area law for an externa
composite Wilson loop that consists of a loop of elect
charge~1! and vorticity (22). The details of this calculation
are exactly analogous to those in@3#. However, our model
also has looplike excitations which can screen external W
son loops and vorticity loops which can screen external v
tex loops. For instance, a condensate of (1,0) loops
screen a Wilson loop of charge (1,0) and yield a perime
law. When both current loops and monopoles are present
Wilson loop will have an area law piece but the perime
law piece will dominate at large distances. Similarly, wh
(0,1) vortex loops condense, an external vortex loop
charge (0,1) can be screened by these loops and again r
in a perimeter law for the external vortex loop inspite of t
the presence ofm charges which alone would have yielde
an area law. The same holds true for composite (1,22)
loops and (1,22) charges. From the partition function in E
~56!, we see that there is no monopole-vortex or sp
charge–current-loop interaction. Thus these excitations c
not influence each other in any drastic way.

V. CONCLUSIONS

In this paper we showed that it is possible to define
analogue of theu term in three dimensions. We present
our analysis of theu term in a lattice model which wa
motivated by the work of the authors in@7,8#. The u term
couples magnetic monopoles to the scalar field and vort
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to the gauge field. The phase structure of the model chan
as a function ofu. In fact, the interactions in this model aris
entirely because of the nonzero value ofu. This model has
an exact duality symmetry which acts on a three-param
space. This seems to be the first example of a statis
model in which the duality transformation acts on a thre
coupling space. We also made a qualitative analysis of
phase diagram using energy entropy arguments and
showed that at nonzero values ofu there are phases in whic
excitations having composite loops condense. A special
ture of the three-dimensional model is that there are no
pointlike excitations of different species which form a thre
dimensional Coulomb gas. Our analysis is also instructive
understanding how the dual transformation works in syste
containing both vortices and monopoles. Since the phase
gram of this model~which was studied atu5p) admits
phases with charged vortices, it will be interesting if som
condensed matter systems can be described by this m
Another interesting avenue is to introduceu-like terms in
non-Abelian gauge theories~in three dimensions! and look
for oblique phases at nonzero values ofu.

APPENDIX

In this appendix we will examine the form of th
monopole–current-loop and the vortex–m-charge interac-
tion. The monopole–current-loop interaction is given by

(
x,x8

m̃~!x!G~x2x8!emnl]mKnl~x8!. ~A1!

Kmn
! is a particular solution of

]mKmn
! 5pmn . ~A2!

Consider a configuration in which the monopole is along
z axis and at a distancez and there is a circular current loo
~of radiusR) is in theX-Y plane, i.e., onlymx ,myÞ0. It is
easily seen that a particular solution of Eq.~A2! is

Kxy52p inside C,

Kxy50 otherwise,

Kxz5Kyz50. ~A3!

This reduces the monopole–current-loop interaction to

22(
x,x8

m̃~!x!]z8G~x2x8!Kxy
! ~x8!. ~A4!

The coordinates ofx andx8 are given by

x~0,0,z!,
1-11



io

th

-

the

in-

the
the

rt

s:

e are

SRINATH CHELUVARAJA PHYSICAL REVIEW D 61 114501
x8~x8,y8,0!. ~A5!

Using

] i 8G~x2x8!5
~x2x8! i

ux2x8u3
, ~A6!

the interaction is given by the expression

2pmE
s

zdx8dy8

~x821y821z82!3/2
. ~A7!

The integration is over the area of the loop. The evaluat
of this integral is straightforward and gives

I 52pm$2p@12 cos~a!#%, ~A8!

wherea is the azimuthal subtended by the current loop at
monopole.

Now we turn to the vortex-m interaction. It has the form

2(
x,x8

m̃l~x!G~x2x8!elmn]mKn
!~x8!. ~A9!

Km
! is the solution of the inhomogeneous equation

]mKm
! ~x!5pm~x!. ~A10!

Consider a configuration in whichm(x)Þ0 at a point on the
z axis a distanceL from the origin. The solution of the inho
mogeneous equation is chosen to be

Kx
!5Ky

!50,

Kz
!5pQ~z2L !. ~A11!
ev

.
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The Q function has the property

Q~z!51, z.0

Q~z!50, z,0. ~A12!

The coordinates of the pointsx andx8 are given by

x„R cos~u!,R sin~u!,0…,

x8~0,0,z8!. ~A13!

Again using Eq.~A6! we are led to the integral

22pmpR2E
L

` dz8

~R21z82!3/2
. ~A14!

This integral is also straightforward to evaluate and gives
solid angle interaction

I 522pm$2p@12 cos~a!#%, ~A15!

which is just the negative of the monopole–current-loop
teraction.

The purpose of this appendix was to show that
monopole–current-loop interaction has the same form as
interaction between them charge and the vortex loop apa
from a sign factor.

A note on notation.In our model there are several field
fm(x),u(x) are the gauge and spin variables;mm(x),m(x)
are the charged fields;m̃(!x),m̃m(!x) are the topological
excitations~with the tildes!; f(x),f̃m(x) @which appear in
the solutions of the constraint, Eqs.~25! and~39!# make their
appearance at intermediate stages and we hope that thes
not confused with the other fields. Also,u as a coupling
constant should be distinguished from the spin variableu(x).
t
ys.
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